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ABSTRACT
We study the synchronization behavior of Stuart-Landau oscillators coupled with delay, using analytical and
numerical methods. We compare the dynamics of one oscillator with delayed feedback, two mutually oscillators
coupled with delay, and two delay-coupled elements with feedback.
Taking only the phase dynamics into account, no chaotic dynamics has been observed. Moreover, the stability
of the symmetric (identical synchronization) solution is the same in each of the three studied networks of delay-
coupled elements. When allowing variable oscillation amplitude, the delay can induce amplitude instabilities.
We provide analytical proof that, in case of two mutually coupled elements, the onset of an amplitude instability
is accompanied by a symmetry breaking, leading to the in lasers observed leader-laggard behavior in the chaotic
regime. Adding self-feedback (with the same strength and delay as the coupling), stabilizes the system in
transverse direction.
1. INTRODUCTION
Synchronization phenomena, being in general the adjustment of rhythms between interacting elements, are
omnipresent in nature [1,2]. Synchronized behavior has been observed in brain activity [3,4], coupled lasers [5,6],
coupled opto-electronic devices [7] and social behavior [8], to name only a few examples. Other examples of
systems with an inherent twofold symmetry are semiconductor ring lasers [9–11] and VCSELs [12–14]
Synchronization is mediated by coupling between the individual elements. This coupling is not necessarily
instantaneous and might exhibit propagation delays which are comparable to or larger than the characteristic
oscillatory time scale [15]. A delay in the coupling arises due to the ﬁnite propagation time of light between two
lasers and this latency has a destabilizing eﬀect on the laser dynamics. If two or more identical semiconduc-
tor lasers are optically coupled with delays exceeding the laser’s relaxation oscillation period, only generalized
synchronization of leader-laggard type was observed, although the setup is completely symmetric [16, 17]. The
isochronally synchronized solution exists, but it was found to be unstable to small perturbations [18, 19]. The
origin of this spontaneous symmetry breaking is, to the best of our knowledge, still not fully understood.
Complete synchronization, without a time lag, has been observed when a semitransparent mirror or a third
laser was placed in between the elements [20–22]. Such a conﬁguration with a relay seems to be favorable to
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stabilize isochronal synchronization, not only for the laser system, but also for other systems coupled with delay
such as Hodgkin-Huxley or integrate-and-ﬁre neurons [23] or chaotic electronic circuits [24].
In this manuscript we focus on isochronal and generalized synchronization properties of delay-coupled systems.
We compare two models of diﬀerent complexity, one only describing the optical phase and one allowing for variable
phase and amplitude. In this way, we can identify which properties induce symmetry breaking in delay-coupled
systems. While in a phase oscillator network, spontaneous symmetry breaking does not occur, we show that a
symmetry breaking bifurcation naturally occurs on the route to chaos for two general two-dimensional oscillators
coupled with delay . The article is organized as follows. In the next section we introduce the two oscillator models
and their motivation. Then we describe analytically the dynamics of a single oscillator with delayed feedback
in section 3. We proceed in section 4 with two mutually coupled elements, where we analyze the spontaneous
breaking of symmetry in the dynamics of the elements. In section 5 we add feedback to the network, which is
shown to stabilize the synchronized solutions.
2. PHASE AND AMPLITUDE MODELS
The simplest approach to describe an oscillating system is by its oscillation phase. Therefore, we start by studying
delay-coupled Kuramoto oscillators. The Kuramoto system approximates the laser dynamics - and several other
classes of interacting oscillators - when the elements are only weakly coupled [25,26]. It is given by
φ˙n = ω0 + κ
∑
Amn sin(φm(t− τ)− φn(t) + θ) , (1)
where ω0 is the natural frequency of the oscillators, κ is the coupling strength, θ is a coupling phase and τ is the
coupling delay. The coupling matrix A describes the topology of the network. In case of lasers, the variable φ
can be related to the optical phase.
The second model we choose is the Stuart-Landau oscillator, because it is a generic model for weakly nonlinear
oscillators or for limit cycle oscillators close to a Hopf bifurcation, as for example the van der Pol oscillator (for
β = 0) [27]. A Stuart-Landau oscillator is described by a phase and an amplitude:
a˙n = an(1− |an|2) + iβan|an|+ κeiθ
∑
Amnam(t− τ) , (2)
where β is a coupling between amplitude and phase.
In addition it is closely related to the equations for coupled semiconductor lasers. Omitting the term linear in
an, we obtain a reduced version of the Lang-Kobayashi equations [28], valid for weak coupling, long delays and
low pump currents of semiconductor lasers. The parameter β can then be related to the linewidth enhancement
factor. Both models exhibit qualitatively very similar dynamics when coupled with delay.
We couple the oscillators directly, i.e. by the delayed variable and not diﬀusively by the diﬀerence between
the coupled elements. Lasers are usually coupled directly as well, which makes the comparison between our
model and the laser system easier. The diﬀusively coupled and the directly coupled systems can sometimes (but
not always) be mapped onto each other. They show similar dynamics in the presence of a coupling delay, one of
the main diﬀerences is the occurrence of amplitude death when coupling is diﬀusive.
3. ONE OSCILLATOR WITH FEEDBACK
We ﬁrst analyze the most basic motif with delay (shown in Fig. 1), being one oscillator with delayed feedback.
Doing so, we point out the analogies between the dynamics of a Stuart-Landau oscillator and a Lang-Kobayashi
model for a semiconductor laser with feedback. The system is modeled by
a˙ = a(1− |a|2) + iβa|a|2 + κeiθa(t− τ) . (3)
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Figure 1. Schematic drawing of an oscillator with delayed feedback
3.1 A phase oscillator with delayed feedback
If we assume a stable amplitude and take only the phase dynamics into account, we obtain the corresponding
Kuramoto equation for the optical phase
φ˙ = β + κ
√
1 + β2 sin(φ(t− τ)− φ + θ + arctanβ) . (4)
We can then ﬁnd solutions with a ﬁxed frequency φ(t) = ωt by solving the transcendental equation
ω = β + κ
√
1 + β2 sin(θ + arctanβ − ωτ) . (5)
These solutions with ﬁxed frequency would correspond to the external cavity modes of a Lang-Kobayashi laser
system [29].
It can be shown from a linear stability analysis that the solutions for which
cos(θ + arctanβ − ωτ) > 0 , (6)
are stable foci, corresponding to the modes. The modes are stable for any value of the delay. If
κτ
√
1 + β2 cos(θ + arctanβ − ωτ) < −1 , (7)
holds, a solution is a saddle point (or antimode). Unstable solutions are hence only possible for suﬃciently strong
coupling or suﬃciently long delay times.
3.2 A Stuart-Landau oscillator with delayed feedback
If we consider the full system of Eq. (3) such a solution with frequency ω deﬁned by Eq. (5) corresponds to a
state with ﬁxed amplitude and frequency a(t) = reiωt, where the amplitude can be determined as
r2 = 1 + κ cos(θ − ωτ) . (8)
We can visualise these modes on an ellipse in the (r2, ω)-plane. Just like in the Lang-Kobayashi equations,
the foci and saddles lie on diﬀerent halfs of an ellipse. Remark that the solutions for which r2 < 0 holds are
unphysical.
Stability of the modes in the full system is determined by the solutions of the characteristic equation, given
by
(λ + r2 + κ(1− e−λτ ) cos(θ − ωτ))2 =
r4 + 2βκr2 sin(θ − ωτ)(1− e−λτ )
−κ2 sin2(θ − ωτ)(1− e−λτ )2 . (9)
In lowest order of the coupling strength κ one can ﬁnd approximately the same stability properties as in the
Kuramoto system (6).
Neglecting the delay, the system has eigenvalues λ = −2r2 (corresponding to the amplitude) and λ = 0
(corresponding to a phase shift). For short delay times the system remains fully stable. For long delays however,
the foci can loose stability in a Hopf bifurcation, leading to the development of chaotic amplitude dynamics.
The stability properties of periodic solutions (modes) in systems with long delayed feedback have been
studied by Yanchuk et al. [30]. We perform here the analysis speciﬁcally for a Stuart-Landau oscillator, in order
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to compare to the coupled system described in the next section. To determine which modes are stable in the











In zeroth order we obtain
λ1 = 2kπi , (10)
which corresponds to an oscillation period of the amplitude equal to the delay time.
Additionally, we ﬁnd a real root, with λ1 < 0 for the upper half of the ellipse and a λ1 > 0 for the lower half.
Consequently, the modes located on the lower half of the ellipse are saddles, just like for the phase oscillator.
In ﬁrst order of τ−1 we obtain a correction to the oscillation period P as follows.
P ≈ τ + 1
κ
√
1 + β2 cos(arctanβ − ωτ + θ) . (11)
The stability of a mode, (depending on its postion on the ellipse ωτ) is then determined by the third order
term. Fig. 2 shows the part of the ellipse containing stable modes as a function of the coupling strength. The
top of the ellipse, or the maximal amplitude mode, (θ − ωτ = 0) is always stable for all values of the coupling
strength, (as can be seen from Eq. (9)), just like the highest gain mode for a laser subject to delayed feedback [31].
For small feedback strength, the stability of the modes is close to the Kuramoto stability boundary. We note
that an analysis of the stability of the modes with a pseudocontinuous spectrum, as it has been developed by
Yanchuk et al. [30,32], leads to the same stability properties.
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Figure 2. (a) The stable amplitude solutions for one oscillator with feedback (Eq. (3)), located on an ellipse, are plotted in
the (r2, ω)-plane, in the long delay limit. The thick black part of the ellipse contains stable foci, unstable foci are located
in the thin black part, and the dotted part respresents saddle points, parameters are κ = 2 and β = 4.
(b) The stable part of the ellipse, parametrized by ωτ −θ, is plotted versus the feedback strength κ, for β = 4. The values
of ωτ between the thick black lines, correspond to stable foci, ωτ = 0 for the top of the ellipse. The dashed line is the
Kuramoto stability boundary.
From Fig. 2, we expect, in the long delay limit, a stable amplitude for weak coupling, and (in analogy to the
Lang-Kobayashi dynamics) periodic or chaotic dynamics coexisting with some stable large-amplitude modes for
stronger coupling.
3.2.1 Emergence of chaos
In order to study the dynamics for moderate coupling strength, when most of the foci are unstable, we numerically
simulated a Stuart-Landau oscillator with delayed feedback. As bifurcation parameter we choose the feedback
time τ . Our integration code is based on a Heun algorithm adapted to delayed diﬀerential equations. We used the
same initial conditions for each simulation, corresponding to the oscillator’s dynamics without feedback (r = 1
and ω = β). Since the delay generates multiple modes, multistability is always present in such a system, and
diﬀerent initial conditions can lead to diﬀerent dynamical behavior. When the dynamics is chaotic (and involves
more than one mode), the qualitative behavior of the oscillator depends less on the initial conditions.
For small feedback times, the oscillator reaches a stable mode; its constant amplitude r decreases as the delay
increases. For a certain delay (τ ≈ 0.7) this mode undergoes a Hopf bifurcation and oscillations around this
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mode are observed (as plotted in Fig 4(a,b)). As the delay increases futher, the period doubles (Fig 4(c,d)) and
chaotic oscillations around this mode (shown in Fig 4(e,f)) emerge. When we increase the delay further, the
system reaches a stable mode again, which undergoes a ﬁrst and second Hopf bifurcation on the route to chaos.
For longer feedback times, the chaotic dynamics may involve more modes and saddle points, as illustrated in
Fig 4(g,h); a dynamical behavior which is again similar to the Lang-Kobayashi system [33–36].







Figure 3. The bifurcation diagram for a Stuart-Landau oscillator with delayed feedback, described by Eq (3). Parameters:
β = 4, κ = 1.5 and θ = 0
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Figure 4. Amplitude dynamics (left) and projection of the dynamics on the (ω, r2)-space in dependence of the delay time
τ (right). On the x-axis (φ(t)−φ(t−τ))/τ is plotted. The black dots represent the stable amplitude solutions. The upper
part of the ellipse contains the modes stable in the phase oscillator limit and is plotted in black, the lower part (dashed)
contains the saddle solutions. Parameters: β = 4, κ = 1.5, θ = 0 and τ = 0.9 (a,b), τ = 0.92 (c,d), τ = 0.94 (e,f), τ = 2.5
(g,h)
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4. TWO MUTUALLY COUPLED ELEMENTS
We continue with two oscillators coupled with delay, modeled by
a˙1 = a1(1− |a1|2) + iβa1|a1|2 + κeiθa2(t− τ)
a˙2 = a2(1− |a2|2) + iβa2|a2|2 + κeiθa1(t− τ) . (12)
The two oscillators are identical and the conﬁguration is completely symmetric, a schematic representation
is shown in Fig. 5. Therefore, the identically synchronized solution exists. In the case of synchronization, the
dynamics then corresponds to one oscillator with delayed feedback. The question hence arises whether, and in
which regime this solution is stable.
Figure 5. Schematic representation of two mutually coupled oscillators
In the corresponding phase oscillator network this problem can easily be solved analytically: the network
allows modes corresponding to in-phase (φ1(t) = φ2(t)) and anti-phase (φ1(t) = φ2(t)+π) synchronized solutions.
In-phase states are stable if
κ cos(θ + arctanβ − ωτ) > 0 , (13)
and anti-phase states if
κ cos(θ + arctanβ − ωτ) < 0 , (14)
without any further restriction on the coupling strength or delay time [37–39]. There is no discrepancy between
the symmetric and the symmetry-broken solutions, in the sense that their stability properties are very similar.
For long delay times, the stability properties of the in-phase state are the same for one oscillator with feedback,
and for two mutually coupled oscillators. For short delay times or without delay saddle point solutions are also
possible when we consider two oscillators.
4.1 Parallel and transverse direction
In the full system, we can also distinguish between in-phase modes a1(t) = a2(t) = reiωt and anti-phase modes
a1(t) = −a2(t) = reiωt. Under the transformation θ → θ+π in- and anti-phase modes map onto each other, just
like for the phase oscillators. We will not consider possible asymmetric modes here, where the oscillators have a
diﬀerent amplitude but the same frequency.
In the following analysis we can distinguish a parallel direction (a1 + a2)/2, which describes the dynamics
inside the synchronization manifold, and a transverse direction (a1−a2)/2. In the parallel direction the dynamics
(and stability) is the same as for one oscillator with feedback. A Hopf instability in this direction leads to in-phase
oscillations of the amplitude.
In the transverse direction we obtain the characteristic equation
(λ + r2 + κ(1 + e−λτ ) cos(θ − ωτ))2 =
r4 + 2βκr2 sin(θ − ωτ)(1 + e−λτ )−
κ2 sin2(θ − ωτ)(1 + e−λτ )2 (15)
A Hopf bifurcation in the transverse direction can give rise to anti-phase oscillations of the amplitude, inducing
a symmetry-breaking of the dynamics.
Without delay, we ﬁnd eigenvalues
λ = −r2 − 2κ cos θ ±
√
r4 + 4βκ sin θ − 4κ2 sin2 θ
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Consequently, solutions which are saddle points or unstable foci can also exist without coupling delay in the
transverse direction. In the parallel direction the modes (and antimodes) only become unstable when coupling
strength and delay time are suﬃciently high. If the coupling delay remains small, instabilities hence only occur
in transverse direction.
When increasing the coupling delay, the diﬀerence in stability in transverse and parallel direction shrinks; in
the long delay limit the stability of the modes is the same in both directions. Still, a mode always undergoes a Hopf
bifurcation ﬁrst in the transverse direction, thus giving rise to symmetry breaking. The isochronal oscillatory
solution is always unstable. Anti-phase oscillation in intensity been found in optically and opto-electronically
coupled laser systems [40].
For long delay times, in the transverse direction we obtain oscillation periods of approximately twice the
delay time,
P ≈ 2τ + 2
κ
√
1 + β2 cos(arctanβ − ωτ + θ) . (16)
Since amplitude oscillations are in anti-phase with each other, the elements diﬀer by approximately one delay
time, resembling the leader-laggard type of dynamics in delay-coupled semiconductor lasers.
4.2 Chaotic dynamics of leader-laggard type
We complement the analysis with numerical simulations of two mutually coupled oscillators with delay. For
each simulation we initialised the oscillators with an amplitude rk = 1 and ω = β, and the phases close to each
other, in order to detect a stable synchronized solution. We also checked the inﬂuence of coupling phase and
initial phases. The coupling phase θ can stabilize or destabilize a mode with constant amplitude; in the limit of
weak coupling, for phase oscillators, this can easily be seen in the stability criteria (13) and (14). This eﬀect is
important for short coupling delays, when there exist only few modes, and when most of them are stable. The
coupling phase does not play a role for the occurring oscillation pattern of the amplitude. The initial phases
determine the mode(s) which are involved in the dynamics. They are important when the amplitude is constant
or periodic, but no longer in the chaotic regime .
A bifurcation plot is shown in Fig. 6. We plotted the bifurcations depending on coupling delay between
the two oscillators, which is half of the round trip time. To compare the feedback system with two mutually
coupled elements, we take the same total round trip time into account. For small delays the two oscillators are
synchronized in an in-phase mode with constant amplitude (which is the same behavior as for one oscillator with
feedback). However, symmetry breaks (at τ ≈ 0.27) as soon as the elements start oscillating around this mode;
the oscillations in amplitude are always out-of-phase, as plotted in Fig. 7(a). In contrast to the feedback system,
the chaos does not develop further, but the system reaches a stable anti-phase mode with constant amplitude
(τ ≈ 0.47). When increasing the coupling delay further, also this modes looses stability and anti-phase oscillations
emerge (τ ≈ 0.57).
Symmetry breaks even further for larger delay times; while the amplitudes oscillate in anti-phase after the
ﬁrst Hopf bifurcation, they describe a diﬀerent orbit (with the same period) when (τ ≈ 0.76). In Fig. 7(c) it is
shown how one oscillator describes an orbit with two maxima of amplitude per period while the other oscillator
has only one maximum. In the chaotic regime generalized synchronization of leader-laggard type is observed
(Fig. 7(c,d)). As can be seen from the auto- and crosscorrelation functions, the out-of-phase pattern is clearly
reﬂected in the dynamics.
5. STABILIZATION BY A RELAY
5.1 Stability of the modes
We now couple two oscillators through a third relay element, a schematic picture of the conﬁguration is shown in
Fig. 8. In such a conﬁguration the two oscillators always get the same input from the relay, indepent of whether
the network is synchronized.
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Figure 6. The bifurcation diagram for two Stuart-Landau oscillators mutually coupled with delay. The extrema of the
first oscillator are in black, those of the second one in grey. Parameters β = 4, κ = 1.5 and θ = 0
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Figure 7. Amplitude dynamics (a,b,c) and auto- and crosscorrelation functions (d) of two delay-coupled Stuart-Landau
oscillators. In (a,b,c) the black line represents the first oscillator and the grey line the second oscillator. In (d) the black
curve shows the autocorrelation of on oscillator and the grey curve represents the crosscorrelation between the oscillators,
as a function of the time lag.Parameters: β = 4, κ = 1.5, θ = 0 and (a)τ = 0.3, (b) τ = 0.8, (c,d) τ = 0.93
We consider here the most simple kind of relay, which would be the analogue of a semitransparent mirror
that redistributes the signals:




(ak(t− τ) + a3−k(t− τ)) . (17)
for k = 1, 2. The in-phase modes are the same as for one oscillator with feedback, and there is only one anti-phase
mode possible rk = 1, ω = β. This asymmetric solution is, already in the phase oscillator network, only stable
for weak coupling strengths and short coupling delays [39].
Just as before, the stability of the in-phase modes along the synchronization manifold is given by Eq. (9).
The transverse stability of the (in-phase) modes dramatically increases due to the relay. Because the oscillators
get exactly the same input, the delayed terms cancel in transverse direction. We ﬁnd a characteristic equation
λ = −r2 − κ cos(θ − ωτ)
+
√
r4 + 2βκr2 sin(θ − ωτ)− κ2 sin2(θ − ωτ) , (18)
Figure 8. Configuration of two oscillators coupled through a passive relay
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which is no longer transcendental.
As a consequence, for suﬃciently long delay times, a large part of the ellipse can become unstable in parallel
direction, but remains stable in transverse direction (as can be seen in Fig. 9).
Also in periodic or chaotic regimes the transverse stability of the synchronization manifold does not depend
directly on the time lag τ . Chaos hence develops in the parallel direction, which means that the oscillators
remain synchronized. This is conﬁrmed by numerical simulations.
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Figure 9. (a) The picture shows the ellipse in the (r2, ω)-plane, on which the in-phase stable amplitude solutions of the
system (17) are located. The grey part of the ellipse contains stable foci, the black part contains foci which are stable in
transverse direction, but unstable in parallel direction and unstable foci are located in the dashed part. The dotted part
respresents saddle points, all in the limit of long delays, κ = 2 and β = 4.
(b) Stable part, between grey lines, and transversely stable part, between black lines, of the ellipse for varying coupling
strength, for β = 4, in the limit of long delay times.
We can do the same analysis for any network where two elements get exactly the same input (such that the
delay term cancel in the transverse characteristic equation). Other examples, as the two oscillators in a chain
of three, or one oscillator with feedback injecting in another oscillator, are shown in Fig. 10. In these cases the
dynamics within the synchronization manifold (for the outer elements of a chain), or the ’transverse’ direction
(in the ’master-slave’ conﬁguration) can be diﬀerent, but transverse stability is exactly the same.
Figure 10. A few examples of networks, in which the similar nodes receive the same input, and will hence be likely to
synchronize
6. CONCLUSIONS
We have compared the dynamics of one oscillator with delayed feedback, two mutually coupled oscillators and
two mutually coupled oscillators with feedback. We found that one Stuart-Landau oscillator with feedback shows
several analogies with a semiconductor laser with delayed optical feedback: the delay induces multiple solutions
with constant amplitude; that can be distinguished in foci and saddle solutions. The feedback delay induces
ﬁrst oscillatory behavior and then chaos if the feedback strength is suﬃciently strong. Also the amplitude-phase
coupling β (the analogue of the linewith enhancement factor) is necessary to destabilize a mode.
When two oscillators are coupled, in-phase and anti-phase modes are possible. For weak coupling, and
low amplitude-phase coupling the dynamics is well described by a Kuramoto system; the stability of in-phase
and anti-phase modes is very comparable. However, when the coupling delay induces amplitude oscillations,
symmetry is broken. This symmetry-breaking does not relate to the phase diﬀerence Δφ of the oscillators, it
originates from the anti-phase oscillations induced in amplitude (and frequency). There is hence no connection
between symmetry broken phase-shifted states in the Kuramoto model and time lags in the case of chaotic
Stuart-Landau dynamics. The symmetry breaking arises naturally on the route to chaos; we prove analytically
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that these anti-phase oscillations are due a Hopf bifurcation in transverse direction, while the mode is stable in
parallel direction.
If we add delayed feedback (with same delay, strength and phase as the coupling) to the oscillators, the
isochronously synchronized solutions can be stabilized. Because the elements receive exactly the same input
independent whether they are synchronized or not, the coupling delay disappears in the transverse character-
istic equation. Consequently, oscillations occur in parallel direction, and are hence in-phase. It is conﬁrmed
numerically that such a conﬁguration is likely to show symmetric behavior.
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